Nonequilibrium properties of an inhomogeneous electron gas are studied using the method of the nonequilibrium statistical operator by D.N. Zubarev. Generalized transport equations for the mean values of inhomogeneous operators of the electron number density, momentum density, and total energy density for weakly and strongly nonequilibrium states are obtained. We derive a chain of equations for the Green's functions, which connects commutative time-dependent Green's functions "density-density", "momentum-momentum", "enthalpy-enthalpy" with reduced Green's functions of the generalized transport coefficients and with Green's functions for higher order memory kernels in the case of a weakly nonequilibrium spatially inhomogeneous electron gas.
Introduction
Investigations of the nonequilibrium properties of many-electron systems are a topical problem in modern nanotechnology [1, 2] . Nonequilibrium properties of spatially inhomogeneous manyelectron systems are of special importance both from theoretical and experimental points of view. They play a determining role in the processes of absorption, desorption, in catalytic reactions between atoms and molecules at the surfaces of transition metals [3] [4] [5] , in carbon nanostructures [6, 7] , including the processes of excitation and ionization of gas atoms and molecules [8] [9] [10] . Nonequilibrium properties of many-electron systems were explored by means of various methods, in particular by the Green's functions method [11] [12] [13] [14] [15] [16] [17] . For further studies of the Green's function and for specific calculations, the time-dependent method of density functional [24] [25] [26] [27] [28] [29] [30] is developed [24] [25] [26] [27] [28] [29] [30] based on the Kohn-Sham ideas [18] [19] [20] , with formulation based on the hydrodynamic approach [21, 22] and Mori-like projection operators [23] .
In the present paper the method of nonequilibrium statistical operator (NSO) [15] by D.N. Zubarev is applied to the description of nonequilibrium properties of an inhomogeneous electron gas at a metal surface. This method is based on N.N. Bogolyubov's ideas about the reduced description of nonequilibrium states of the system. In the second section the Hamiltonian of a spatially inhomogeneous electron gas, based on the generalized "jellium" model, is presented. Based on this the one-and two-electron distribution functions, free energy, surface energy, inhomogeneous electrical field of electrons of semi-infinity jellium are calculated in [31] [32] [33] [34] using the method of dynamical collective variables and the functional representation with taking screening effects into account. These results of equilibrium theory are considered as basic ones for the development of nonequilibrium statistical theory of transport processes for a spatially inhomogeneous electron gas. In the third section, the NSO [15] for a nonequilibrium spatially inhomogeneous electron gas in the generalized "jellium" model is obtained with taking into account electric and magnetic fields, obeying averaged Maxwell equations. Mean values of the number density, mo-mentum density, and total energy density operators, which satisfy the corresponding conservation laws, are chosen as the parameters of a reduced description. In the same section, by means of NSO with projection technique we obtain generalized transport equations for the reduced description parameters, which are applicable to the consideration of both weakly and strongly nonequilibrium processes of charge transfer, electric current, and the energy transport in the case of spatially inhomogeneous electron gas. In the fourth section the generalized transport equations for a weakly nonequilibrium spatially inhomogeneous electron gas are obtained. The chain of equations for Green's functions is constructed for the transport kernels (memory functions dealt with generalized coefficients of viscosity, heat conductivity etc.) within the framework of Tserkovnikov approach [35] [36] [37] . This chain of equations interrelates the commutative time-dependent Green's functions "density-density", "momentum-momentum", "enthalpy-enthalpy" with reduced (time evolution operator includes projection) Green's functions of the generalized transport coefficients and reduced Green's functions of higher-order memory functions for weakly nonequilibrium spatially inhomogeneous electron gas.
Hamiltonian of the equilibrium inhomogeneous electron gas within the "jellium" model
We consider a semi-restricted metal surface with an unlimited ionic subsystem in the OXY plane with "metal-vacuum" transitions in the direction, perpendicular to this plane. The Hamiltonian of this system is chosen to be the following:
where
is an operator of the kinetic energy of conductivity electrons, m denotes the electron mass, N stands for the number of electrons;
is the potential energy of interaction between electrons, r i denotes the radius-vector of i-th electron position;
is the potential energy of an ionic subsystem,ρ ion (R) = Ze
density of the ion charge distribution, R i means the radius-vector of the ion position, Ze stands for the ion charge and N ion is the number of ions.
denotes the energy of interaction between the conductivity electrons and the ionic subsystem. The system obeys electro-neutrality condition: dRρ ion (R) = eN . To specify the "jellium" subsystem, let us present the distribution function of the ion charge in the following form:ρ ion (R) =ρ jell (R) + δρ ion (R), whereρ jell (R) stands for the distribution function of ion charge in the "jellium" model, δρ ion (R) =ρ ion (R) −ρ jell (R) is the difference between the charge distribution of the ionic subsystem and of the "jellium" model. The Hamiltonian of the "jellium" model could be presented as
is the surface potential. In the second quantization representation, based on the wave functions formalism [31, 32] , Hamiltonian (2.6) can be written down as:
is the Hamiltonian of a "jellium" model for the inhomogeneous electron gas [31, 32] in the collective variables representation.
S is the OXY surface area; L determines the range of values of a coordinate Z{− 
is a mixed Fourier transform of the local density of electrons, α| . .
is a wave function of an electron in the α-state in the direction, perpendicular to the "metalvacuum" surface. The second term of (2.9) describes interaction between electronic and ionic subsystems: 13) where N ion is the number of ions,
exp(iqR n ) means an equilibrium structure factor of ions, R n denotes the radius-vector of the ion in OXY plane, ω k (q) stands for a formfactor of the ion-electron interaction.
The Hamiltonian (2.9) is a generalization of the "jellium" model because it takes into account the interaction between electronic and ionic subsystems via the form-factor of the ion-electron interaction in ∆H. The equilibrium state of the system can be completely described by the statistical operator
is a partition function of the equilibrium statistical operator in the generalized "jellium" model. µ denotes a chemical potential of the electronic subsystem, β = 1 kBT , k B is the Boltzmann constant. T stands for an equilibrium value of the system temperature. The equilibrium mean value ρ k (q) 0 defines local electric field of the electronic subsystem at the metal surface,
In [31] [32] [33] [34] for the presented model there has been proposed a new approach to the calculation of thermodynamic potential, which consists in the reduction of the corresponding non-Gaussian integral to the Gaussian form with a renormalized correlation function "density-density". It was shown that an effective potential of the electron interaction completely defines the thermodynamic potential. By means of functional integration there has been evaluated the one-particle distribution function of the electrons for the "jellium" model of semi-infinite domain of the metal with consideration of exchange and correlation effects. One has also calculated an effective potential of the electron interaction and a two-particle correlation function "density-density" for a semirestricted metal in the "jellium" model; their asymptotic behaviour has been studied at large distances between electrons in the plane of dividing surface. Such investigations of the equilibrium structure distribution functions and thermodynamic values form a good basis for the creation of a noneqiulibrium statistical theory of the spatially inhomogeneous electron gas.
Nonequilibrium statistical operator of an inhomogeneous electron gas
A Hamiltonian of the nonequilibrium inhomogeneous electron gas of the metal surface with taking into account the electromagnetic processes in the "jellium" model can be written as:
c denotes the light velocity, a (r; t), ϕ (r i ; t) are, correspondingly, the vector and scalar potentials of the quantized electromagnetic field.
w means the energy of a photon,f + (r; w) ,f (r; w) are the boson field creation and annihilation operators of the electromagnetic field quantum in the space-frequency representation:
a (r; t) corresponds to the microscopic value of the vector potential operator, expressed via the creation and annihilation operators of the photons of electromagnetic field [13] :
e kλfkλ e ikr + e * kλf 5) where e kλ is the photon polarization vectors, which satisfy orthogonality conditions:
where λ = 1, 2 is the photon polarization, V stands for a volume.â (r) defines the quantized electrical and magnetic field operatorŝ
is the quantized transverse electrical field operator;Ê l (r) means the longitudinal Coulomb field, created by the electron subsystem in positively charged ion field with a fixed distribution S k (q) at the surface.Ĥ (r) andÊ (r) satisfy the corresponding microscopic Maxwell-Lorentz equations:
denotes a current of the electron density operators without account of the spin degrees of freedom, which are taken into account, respectively, by the term
; σ is a matrix of the intrinsic magnetic momentum of electron; ψ + (r) , ψ (r) stand for the field creation and annihilation operators of the electrons:ρ (r) = ψ + (r) ψ (r) . The vector and scalar potentials in the Hamiltonian (3.1) are determined from the averaged Maxwell-Lorentz equations: 12) where the mean values . . . t = Sp (. . . ρ (t)) are calculated with the NSO ρ (t) , obeying the Liouville equation:
with the normalization condition Sp ρ (t) = 1. iL(t) is a Liouville operator, which corresponds to the Hamiltonian (3.1), so that iL(t)ρ (t) = i/ H (t) , ρ (t) .
The nonequilibrium statistical operator ρ (t) as a solution of the Liouville equation has to be found using the method of NSO by D.N. Zubarev [15] . In this method the general solution for (3.13) with taking into account the Kawasaki-Gunton projection can be presented in the following form:
where transition ε → +0 has to be performed after a thermodynamic limit N → ∞, V → ∞ and selects retarded solutions of the Liouville equation (3.13) [15] .
is the evolution operator with taking into account the Kawasaki-Gunton projection operator P q (t) . Its structure depends on the auxiliary statistical operator ρ q (t) in the formulation of the Cauchy problem for the Liouville equation with t = t 0 , ρ (t 0 ) = ρ q (t 0 ) [15] .
In the NSO method [15] ρ q (t), according to the Gibbs' hypothesis, can be found from the extremum of the informational entropy with fixed parameters of the reduced description and obeying the normalization condition Spρ (t) = 1. To describe nonequilibrium properties of spatially inhomogeneous electron gas at the metal surface with taking into account the electromagnetic processes, the mean nonequilibrium values of the number density of the electrons ρ (r) t , momentum density p (r)
where Φ (t) is the Massieu-Planck functional: 16) β (r; t) and µ el (r; t) denote the Lagrange multipliers, determined, respectively, from the selfconsistency conditions ε (r)
and thermodynamic relations:
δS (t) δ ρ (r; t) t = −β (r; t) µ el (r; t) , (3.22) and define the inverse nonequilibrium temperature β −1 (r; t) = k B T (r; t) and the electrochemical potential of the electronic subsystem: µ el (r; t) = µ (r; t) + eϕ (r; t). Here µ (r; t) is the local nonequilibrium chemical potential of the electrons, . . . ρ q (t) ) .ε (r) is the total energy density in the moving frame:ε (r) =ε (r) − (v (r; t) + e/c · a (r; t))p (r) + m/2 · v 2 (r; t)ρ (r), v (r; t) denotes a vector of mean velocity of the electrons. S (t) is the nonequilibrium Gibbs' entropy defined as follows:
or, taking into account the self-consistency conditions (3.17)-(3.18), S (t) could be rewritten as:
where contributions of the quantized electromagnetic field are selected. According to the structure of the statistical operator (3.24), the Kawasaki-Gunton projection operators have the following form:
with the operator properties: P q (t) P q (t ) = P q (t), P q (t) ρ = ρ q (t), P q (t) ρ q (t ) = ρ q (t). Specifying the action of the Liouville operator iL (t) and (1 − P q (t)) on the quasi-equilibrium statistical operator ρ q (t) (3.24) according to (3.14), one can obtain, for the nonequilibrium statistical operator of the inhomogeneous electron gas, the following result: 25) where I ε (r; t ), I p (r; t ) are the generalized fluxes of energy and momentum:
26)
P (t) is a Mori-like projection operator. Its structure is related to the structure of the KawasakiGunton operator and could be presented as
P (t) (unlike P q (t)) acts on the dynamical values and possesses the properties of the projection on the space of reduced description parametersε (r) ,p (r) ,ρ (r): P (t) P (t ) = P (t), P (t)ε (r) =ε (r), P (t)p (r) =p (r), P (t)ρ (r) =ρ (r). At that the equation (1 − P (t)) iL (t)ρ (r) = 0 is satisfied. Thus, we obtained the NSO of an inhomogeneous electron gas in the generalized "jellium" model based on the idea of a reduced description. The nonequilibrium statistical operator is a functional of dynamical quantities, whose mean values are observable quantities. It is also a functional of the generalized fluxes (3.26) that describe dissipative processes, related both to the motion of electrons and to the quantum electromagnetic field. Taking into account the identities,
one can obtain generalized transport equations of the inhomogeneous electron gas at the metal surface in the following form:
dt e ε(t −t) ϕ IεIp (r, r ; t, t ) β (r ; t ) v (r ; t ) + e c a (r ; t ) , (3.29) where ϕ IpIp (r, r ; t, t ) , ϕ IεIε (r, r ; t, t ) , ϕ IpIε (r, r ; t, t ) , ϕ IεIp (r, r ; t, t ) denote spatially inhomogeneous generalized memory kernels related to the generalized viscosity and heat conductivity as well as to the coefficients that describe cross-correlations of viscous and heat processes of the electron gas. They have a structure of Kubo functions:
The system of equations (3.27)-(3.29) describes strongly nonlinear transport processes of the generalized "jellium" model. This system of equations is unclosed, because it contains (functionally) thermodynamic parameters β (r; t) , v (r; t) , µ (r; t), determined by the self-consistency conditions (3.17), (3.18) as well as the vector and scalar potentials a (r; t), determining magnetic and electric fields, which obey the averaged Maxwell equations (3.10),(3.11). Thus, the generalized transport equations (3.27)-(3.29) should be considered self-consistently with the averaged Maxwell equations (3.10)-(3.11) for electromagnetic field. It is clear from the proposed approach that in the case of interaction of inhomogeneous electron gas of the metal surface with unbound atoms or molecules of gas (for instance, in catalysis processes), first of all the electromagnetic polarization of atoms and molecules takes place, and then the processes of their absorption, desorption and chemical reactions are possible.
The generalized transition kernels (3.30) , dealing with the corresponding viscosity and heat conductivity, which describe many-electron dissipative processes, are a special problem in the transport equations (3.27)-(3.29). Calculation of their time-spatial dependences is one of the main tasks in the modern theory of nonequilibrium processes. To solve these problems for classical and quantum systems of interacting particles, the method of the Mori-like projection operators and the method of time-dependent Green's functions are used. For weakly nonequilibrium systems the chain of transport equations (3.27)-(3.29) is considerably simplified, and the NSO method makes it possible [36, 37] to obtain the system of equations for time correlation functions or the corresponding "density-density", "momentum-momentum", "energy-energy" Green's functions. The same approach allowed us [36] to obtain the chain of equations for the time-dependent Green's functions related to generalized transport coefficients. A similar chain of equations for Green's functions was proposed by Tserkovnikov [35] .
Time correlation functions and Green's functions of a weakly inhomogeneous electron gas
Let us consider the case of a nonequilibrium state of an inhomogeneous electron gas in the "jellium" model, when the parameters β (r; t) , µ (r; t) weakly deviate from their equilibrium values β, µ, and the corresponding fields are small. Then expanding the quasi-equilibrium statistical operator (3.15) in a series in deviations of thermodynamic parameters and excluding them from ρ q (t) by means of self-consistency conditions (3.17), (3.18) , one can obtain the following form for ρ q (t) in the linear approximation:
We have used the (q, z) representation of the functions; z denotes a coordinate in a normal direction q to the dividing surface, where δρ (q; z) =ρ (q; z) − ρ (q; z) 0 , δp (q; z) =p (q; z) − p (q; z) 0 p (q; z) 0 = 0, δĥ (q; z) =ĥ (q; z) − ĥ (q; z) 0 , and . . . 0 = Sp (. . . ρ 0 ) stands for the equilibrium averaging with operator (2.14).ĥ (q; z) denotes the generalized enthalpy operator of the inhomogeneous electron gas:
where Φ −1 ρρ (q; z , z ) is an equilibrium correlation function, defined from the condition
is the Kubo equilibrium "density-density" correlation function for the inhomogeneous electron gas. hh (q; z, z ) are determined from the following integral relations:
In the quasi-equilibrium statistical operator (4.1) the quantitiesρ (q; z) ,p (q; z) ,ĥ (q; z) (ρ (q; z, τ ) ,p (q; z, τ ) ,ĥ (q; z, τ ) have the following structure:â (q; z, τ ) = 
In the approximation (4.1), the nonequilibrium statistical operator of the inhomogeneous electron gas has the form
where T 0 q (t, t ) is an evolution operator with the Kawasaki-Gunton projectors in the linear approximation (4.1),
are the generalized fluxes in the linear approximation; P is the Mori-like operator, which has the following structure:
with properties Pρ (q; z) =ρ (q; z), Pp (q; z) =p (q; z), Pĥ (q; z) =ĥ (q; z), P P = P , P (1 − P ) = 0. In the approximation (4.2), the generalized transport equations (3.27)-(3.29) have a closed structure:
where iΩ ρp (q; z, z ) , iΩ ph (q; z, z ) , iΩ hp (q; z, z ) are normalized correlation functions:
pp (q; z , z ), (4.11) are the elements of the frequency matrix in the Mori theory of the projection operators, which describe non-dissipative processes.φ hp (q; z, z ; t, t ) ,φ ph (q; z, z ; t, t ) mean the generalized transport kernels that describe dynamical correlations between viscous and heat conduction processes for a weakly nonequilibrium inhomogeneous electron gas in the generalized "jellium" model. ϕ pp (q; z, z ; t, t ) ,φ hh (q; z, z ; t, t ) are the corresponding transport kernels related to the generalized viscosity and heat conductivity. According to (3.30) , they have the following structure:
In the NSO method [37] , the transport equations (4.8)-(4.10) make it possible to obtain a closed system for the time correlation functions of dynamical variablesρ (q; z) ,p (q; z) ,ĥ (q; z) . In a matrix form it can be presented as:
is a matrix of time correlation functions of the dynamical variablesρ (q; z) ,p (q; z) ,ĥ (q; z) for the inhomogeneous electron gas. They have the following structure:
Φ nm (q; z, z ; t) = â (q; z; t)â (q; z ; τ ) 0 , whereâ (q; z; t) = e iLtâ (q; z) .
is a frequency matrix, which describes non-dissipative correlations in the system, ϕ (q; z, z ; t, t ) =   0 0 0 0φ ppφph 0φ hpφhh   (q;z,z ;t,t ) (4.16) denotes a matrix of the memory functions (transport kernels) that describe dissipative processes in a spatially inhomogeneous electron gas. In the case of spatial homogeneity in the hydrodynamic limit |k| → 0, ω → 0 (here k stands for a three-dimensional wave vector, ω is the frequency)}φ pp ∼ k 2 η,φ hh ∼ k 2 λ,φ ph =φ hp ∼ 0, where η is viscosity, λ means heat conductivity of the spatially homogeneous electron gas. It is important to note that omitting the energy fluctuations (or generalized enthalpy fluctuations) in the system of equations (4.10), i.e. with iΩ ph = iΩ hp = 0,φ ph =φ hp = 0,φ hh = 0, we actually obtain the system of equations of [23] , which has been obtained by means of projection operators and the method of dynamical variablesρ (q; z) ,p (q; z) for the inhomogeneous electron gas in TDDFT formulation. Our approach generalizes the results of [23] by taking into account the enthalpy fluctuations. In the spatially inhomogeneous case, using Fourier transformation for the space coordinate z, Fourier and Laplace transformations for the time coordinate, defined by the relations,
one can present the system of equations (4.8)-(4.10) in the following form:
Here η (q; k, k ; s) , λ (q; k, k ; s) are the generalized viscosity and heat conductivity for the inhomogeneous electron gas in the generalized "jellium" model. To evaluate these quantities, one can apply the method of Green's function, developed by Tserkovnikov [35] , or, alternatively, the method of NSO [36, 37] . For this purpose we introduce the matrix of the reduced Green's functions, related to the matrix of memory kernels
In the presented equationsḠ (r) (q; z, z ; t) are the retarded reduced Green's functions, Θ (t) denotes the Heviside's step function.
It is natural to introduce the piecewise-analytic functions, determined in a complex plane s with a cut along the real axis (Im s = 0). Then
with Im s > 0, coincides with the analytic continuation of the Fourier transforms of the retarded reduced Green's functionsḠ (r) (q; z, z ; s), and with Im s < 0, coincides with the analytic continuation of the Fourier transformation of the advanced Green's functionsḠ (a) (q; z, z ; s),
The quantitiesφ (q; z, z ; ω) can be calculated using discontinuous jump of Green's functions on the real axis, see equation (4.20) , and can be presented as
Now, according to the Green's functions method, we obtain the equation forḠ (q; z, z ; s) in the following form:
where iΩ (1) (q; z, z ) denotes the frequency matrix and ϕ (1) (q; z, z ; s) is the matrix of memory functions, constructed on the operators of the generalized dissipative fluxes
(1)
where Mori-like projection operator P (1) is constructed on the generalized fluxes (4.6)Ĩ ρ (q; z), I p (q; z) ,Ĩ h (q; z) and has the following structure (in the matrix form):
with the corresponding properties of the projection operator P. Herẽ
is a line vector. In the accepted notation, the matrix iΩ (1) (q; z, z ) has the structure iΩ (1) (q; z, z ) = dz iL 25) and the matrix of higher memory functions has the following form: ϕ (1) (q; z, z ; t) = dz 1 − P (1) iL (1)Ĩ (q; z) T where T
q (t) = exp 1 − P (1) iL (1) t is a reduced time evolution operator. At that, the following relation between the matrix of Green's functionsḠ (1) (q; z, z ; s) and the matrix of Green's functions G (q; z, z ; s) is valid:
G
(1) (q; z, z ; s) =Ḡ (q; z, z ; s)− dz dz Ḡ Ia (q; z, z ; s)Ḡ (0) (q; z , z ; s)
−1Ḡ
aI (q; z , z ; s) , (4.27) whereḠ (0) (q; z , z ; s) stands for the matrix of commutative Green's functions, constructed on the parametersâ m (q; z) = ρ (q; z) ,p (q; z) ,ĥ (q; z) of the reduced description for inhomogeneous electron gas, and is defined by whereĨ n (q; z ; t) = exp{(1−P )iLt}Ĩ n (q; z ). The matrices of Green's functions (4.29), (4.28) obey the equations, similar to (4.23) with the corresponding matrices of memory functions. Then, taking into account the relations like (4.27) for higher memory functions, we obtain a chain of equations for the time correlation functions. We have proposed one of the possible approaches to the description of nonequilibrium properties of spatially inhomogeneous electron gas in the generalized "jellium" model. To this end the method of nonequilibrium statistical operator by D.N. Zubarev has been used, based on the Bogolubov's ideas of the abbreviated description of the nonequilibrium states of the system. Our choice of the mean densities of particles number, momentum and total energy as the parameters of a reduced description of nonequilibrium properties of the spatially inhomogeneous electron gas provides realization of the conservation laws. In this approach we obtained the nonequilibrium statistical operator and the generalized transport equations for mean values of the number density, momentum density and total energy density, which are coupled with the averaged Maxwell equations for the electromagnetic field via equations for the mean vector and scalar potentials. The obtained generalized transport equations take into account the memory effects and many-electron viscous and heat processes. These equations can be applied to the description of both weakly and strongly nonequilibrium states and to the calculation of spatially inhomogeneous mean values ρ (q; z) t ,
